Some calculations in Analysis ( Wallis & Stirling formulas)
Arkady M. Alt
1. Wallis formula.

Let/, = f”/z sin"xdx,n € NU {0}. Follow to definition we have I, = %

I = jg/ sinxdx = (—cosx)7” = 1.Note that for any x € [0,7/2] holds

0 < sinx < 1 = sin”'x < sin”x < sin” 'x =

(1) L <1, < In—l,”l e N.
Also note that 7, = | Z/Z sin"2x(1 - cos’x)dx = I, - IZ/Z sin"2x cos’xdx, where
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In particular we have I, = 2”2_ L wryn € N
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Then by replacing » in inequality (1) with 2n we obtain
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non 2n )
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Hence £ = = lim H ‘;k thatis = = lim (@mt) (Wallis Formula).
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2. Stirling Formula.
Lemma (extracted from [1])
There is positive constant « such that for any n € N holds inequality
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Proof.
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1. First we will prove inequality e < (1 + %) "2 for anyn € N.

Note that sequence ((1 + >n>n>2 is decreasing.
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Applying inequality (1 +a)" > 1 + na + — 5 ana> 0,n € Nfora = D)
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By replacing » in (2) with 2xn + 1 we obtain (1 + %)2 : > (1 + (nJlr D ) =
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2. Consider Taylor Representation for function lni—J_rfC forx e (0,1) :

In1+X — In(1 +x) = In(1 - x) —Z( Dk i D (=)t _

1- k k
0 — 0 0 k*I k
(_1)k 1k xk ((—1) + 1>x 95 2k-1
D DV D) 2 Z %1
1
14+ ——
; n+1 _ 2n+1 22 1
Since “— = I then by replacing x in ln Z k=1 with PP
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where b, = L = a,e 12n is decreasing.

then sequence (b,) ;. T
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Since ¢! =a; <a, <b, <bh; =e 12 and b, = a,e 122 then both sequences

converge to the same limit.
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Using Wallis formula we can obtain a = 2x.
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